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Geometry and Inverse Optimality
in Global Attitude Stabilization
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Theproblem ofgloballystabilizing theattitudeof a rigid bodyisconsidered.Topologicaland geometric properties
of the space of rotations relevant to the stabilization problem are discussed. Chevalley’s exponential coordinates
for a Lie group are used to represent points in this space. An appropriate attitude error is formulated and used
for control design. A control Lyapunov function approach is used to design globally stabilizing feedback laws that
have desirable optimality properties. Their performance is compared to the performance of previously developed
proportional-derivative-typecontrol laws. The new control laws achieve the same or greater stabilization rate with
less control effort. Special issues in the Lyapunovstabilityproofs related to the topologyof the space of rotationsare
identi� ed and resolved. The simpler problem of stabilization on the space of planarrotations is treated throughout
the paper to provide insight.

Introduction

T HE problem of controlling the orientation of a rigid body is
central to the control of aircraft and spacecraft. Large-angle

maneuvers long have been of interest for satellite control and more
recently have become relevant for agile aircraft and missiles. We
address the attitude control of a rigid body subject only to torques
due to its own inertia and to control effectors, either thrusters or
momentum wheels, but much of the discussion and results also are
extendable to a rigid body subject to gravitationaland aerodynamic
torques. We assume that the controls can be continuously varied;
the results are thus applicable to control by proportional thrusters,
momentum wheels, or on off thrusters operated in a pulse-width,
pulse-frequencymodulation mode. The particular control problem
that we consider is the global feedback stabilization of a speci� ed
inertialpointingdirection.The stabilizationproblemprovidesa suf-
� ciently rich context for the points that we wish to make, though our
discussion and results could be extended to the global asymptotic
tracking problem.

There are two featuresof the global attitudestabilizationproblem
that motivate our study. First, the state space is a manifold that is not
equivalent to a linear vector space. The dynamics of the orientation
of a rigid body evolve on the tangent bundle to the rotation group
SO.3/. SO.3/ is a compactmanifold without boundary.This topol-
ogy has profound implications for control design. We approach the
formulation and solution of the global stabilizationproblem from a
geometric perspectiveof SO.3/ as both a Riemannian manifold and
a Lie group. Chevalley’s canonical coordinates for a Lie group are
used to represent points in SO.3/. The coordinates themselves are
not new; they are the elements of what usually is called the principal
rotation vector.1 The geometric perspective is prominent in the ap-
proaches to attitude control by Meyer,2 Crouch,3 Koditschek,4 Wen
and Kreutz-Delgado,5 Paielli and Bach,6 and Bullo and Murray.7

We bring together results from these references to clarify the issues
in global attitude stabilizationand set the stage for our development
of new globally stabilizing control laws.
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The second feature of the global attitude stabilization problem
that motivates our study is the nonlinearityof the attitudedynamics.
Two types of feedback laws have been shown to achieve global (or
almost global) stabilization. The � rst is a proportional-derivative
(PD) law with an extra term that cancels the nonlinear gyroscopic
torque.6;8;9 This control law is derived using feedback linearization,
or a restricted form of it called dynamic inversion or computed
torque, and thus is referred to as the feedback linearization (FBL)
controllaw. The resultingclosed-loopdynamicsare linearizedeither
partially or completely, in the absence of control saturation and
modelingerror.The secondfeedbacklaw5;10;11 is a linearPD law; the
gyroscopictorque is not canceled. From an energy perspective,it is
clear that the gyroscopic torque is a neutral party in the stabilization
task and in this regard does not need to be canceled.

From a performance point of view, neither of these stabilizing
control laws may be satisfactory.The performanceof the FBL con-
trol law is relatively easy to predict and adjust by tuning the gains
because the closed-loop system is linear or at least partially linear.
But global linear performance may not be desirable performance,
especiallyat theexpenseof cancelingthe gyroscopictorque.The PD
control law does not incur the penalty for canceling the gyroscopic
torque, but tuning the PD gains is not straightforward because the
closed-loop error dynamics are nonlinear; moreover, it may not be
possible to � nd constant gains that yield uniformly desirable per-
formance. For both laws, large attitude or angular velocity errors
require large control effort because of the linear nature of the con-
trol laws. Without using some form of gain scheduling, the linear
structure prohibits scaling back the control response for large errors
without compromising the response for small errors.

The obvious means of obtaining a stabilizing control law with
good performance is to use a control law that optimizes an appro-
priate performancemeasure. For speci� c initial attitude and angular
velocity errors, one can solve a two-point boundary-valueproblem
for the optimal control law. Many numericalsolutionsfor minimum-
time and minimum-control energy performance can be found in the
literature.12;13 To obtain an optimal feedback law, one essentially
must solve a Hamilton–Jacobi–Bellman (HJB) partial differential
equation.Computingoptimal controlsgenerallyis consideredinfea-
sible for operationalattitude control systems.Eigenaxismaneuvers,
which are near optimal with respect to time or control effort in cer-
tain cases, have been used.14 Vadali15 and Tsiotras16 have exploited
the cascade structure of the attitude kinematics and dynamics to
obtain feedback laws that have certain optimality properties.

A new method17;18 offers a feasible approach to obtaining an
optimal feedback law. It is referred to here as the method of in-
verse optimality. It is well known that, for an optimal stabilization
problem, the solution to the appropriate HJB equation can serve
as a Lyapunov function for proving global stability. In the inverse
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optimalitymethod,onebeginswith a controlLyapunovfunctionand
uses it to determinea stabilizingfeedbackcontrol; the theory behind
the method shows that the Lyapunov function is the solution to the
HJB equation corresponding to an appropriate cost function. For
attitude stabilization, an appropriate cost function should include
a penalty for attitude and angular velocity errors and a penalty for
control effort.

In this paper, new globally stabilizing attitude control laws are
derived using the inverse optimality method. The performance of
these laws is compared to the performanceof existing PD and FBL
laws. Our proofs of global stability for the various control laws
are based on Lyapunov’s direct method. Special considerationsare
required to account for the topology of SO.3/. The simpler case
of planar rotations, for which the con� guration space is SO.2/, is
used to develop insight throughout the paper. We have presented
aspects of this research in conference papers.19;20 Other variations
of the applicationof the inverse optimalitymethod to global attitude
stabilization also have appeared in the literature.21

Rigid-Body Rotation: Coordinates,
Kinematics, and Dynamics

The con� guration space for rigid-body rotation is the special
orthogonal rotation group referred to as SO.3/ and de� ned by
SO.3/ D fR 2 RR3 £ 3 : RT R D I ; det.R/ D 1g. Each point in the
space is a rotationoperator R. R describes the relativeorientationof
a principal axis body frame and an inertial frame. Our convention is
that R rotates the body frame into alignmentwith the inertial frame.
Once the two frames are chosen, R can be given in explicit form as
the 3 £ 3 direction-cosinematrix. A single set of global coordinates
does not exist. Including coordinate switching as part of a control
law would be undesirable; using a single set of coordinates that is
almost global is a better alternative.

One popular set of almost-global coordinates is the unit quater-
nion. The unit quaternion is composed of four coordinates but, be-
cause they are linked by a constraint, there are only three indepen-
dent coordinates. The quaternions actually represent points in the
special unitary group SU.2/, which can be identi� ed with S3, the
surface of a unit 3-sphere embedded in RR4. Only half of this sphere
is needed for a one-to-one correspondence with points in SO.3/;
thus the mapping from quaternions to SO.3/ is two to one. This
feature manifests itself in the well-known sign ambiguity: For any
quaternion representation of a point in SO.3/, one can switch the
sign of each of the four coordinates and obtain an alternative rep-
resentation of the same point. Resolving the sign ambiguity is a
necessary aspect of using quaternions. Nonetheless, they are used
often and have attributes that make them particularlywell suited for
attitude estimation.1

For the design of attitude control laws, it may be advantageousto
use a three-parameter representation of SO.3/, i.e., a minimal pa-
rameterization.When controlon all of SO.3/ is required,onewould
like coordinates that fail to be global coordinates in as convenient a
manner as possible. Of the many1 three-coordinaterepresentations
for SO.3/, the modi� ed Rodriguezparameters and the principal ro-
tation vector seem especiallywell suited.The key attribute that both
of these coordinate representations share is that the Jacobian ma-
trix that appears in the corresponding attitude kinematic equations
is globally nonsingular. The same cannot be said for the Euler an-
gles, for example. Modi� ed Rodriguez parameters have been used
for attitude control design by Tsiotras16 and Schaub et al.14 We use
the principal rotation vector, a special case of Chevalley’s canonical
coordinates (of the � rst kind) for a Lie group, in this case the Lie
group being SO.3/.

Chevalley’s canonical coordinates22 for a matrix Lie group arise
from the exponentialmap and its inverse, the log.¢/ map. For SO.3/,
these take the form

R D exp[r] D I C
sinkrk

krk
[r] C

1 ¡ coskrk
krk2

[r]2

(1)

[r] D log.R/ D Á

2 sin Á
.R ¡ RT /

where k¢k is the standard Euclidean norm, Á is de� ned by 1 C
2 cos Á D tr.R/, and r 2 RR3 . We use [r] to denote the skew-
symmetric matrix

[r] D

&$ 0 ¡r3 r2

r3 0 ¡r1

¡r2 r1 0

’%
(2)

such that [r]v D r £ v for all v 2 RR3. Let B D fr 2 RR3 : krk · ¼g,
i.e., B is the solid ball of radius ¼ centered at the origin in RR3 . If
r is limited to values in B , then for every point in SO.3/ there is a
corresponding point in B, i.e., the exponential map is onto. Except
for the surface of B, the exponentialmap is also one to one. On the
surface of B , the exponentialmap is two to one.

We can write r D ÁOe, where Oe is the unit eigenaxis, i.e., the unit
eigenvector of R corresponding to the unity eigenvalue, and Á is
the rotation angle, ¡¼ · Á · ¼ , from the identity to R about the
eigenaxis. This is the usual interpretation of r as the principal ro-
tation vector. For each eigenaxis direction, rotations of ¼ and ¡¼
radians lead to the same orientation R but these rotations corre-
spond to distinct, diametrically opposed points on the surface of B.
Consequently, the log map is double valued, log.R/ D §¼ [Oe], on
the surface of B. Points on the surface of B satisfy the condition
tr.R/ D ¡ 1. Henceforth, we refer to the components of r as the
exponential coordinates.

The rotational dynamics for a fully actuated rigid body are given
by

PR D R[!]; M P! D [!]M! C ¿ (3)

where M is the inertiamatrix,¿ is thecontroltorque,! is theangular
velocity in body axis coordinates, and [!] is the corresponding
skew-symmetric matrix. The state space for rigid-body rotations is
the six-dimensionalproductspace of rotationoperatorsand rotation
rates SO.3/ £ RR3. The components of the angular velocity vector
in body axes, !, are the usual coordinates for PR. Instead,we use the
state vector expressed as .r; Pr/ 2 B £ RR3 .

To expressthekinematicequationsin theexponentialcoordinates,
we require the Jacobian J .r/ that relates the time derivatives of the
exponential coordinates Pr to the angular velocity !, as ! D J .r/Pr.
This Jacobian is obtained by differentiating the exponential map.
The Jacobian and its inverse are given by23

J .r/ D I C 1 ¡ coskrk
krk2

[r] C
krk ¡ sinkrk

krk3
[r]2

(4)

J ¡1.r/ D I ¡ 1

2
[r] C

³
1

krk2
¡ 1 C coskrk

2krk sinkrk

´
[r]2

The rotational dynamics, Eq. (3) in the state variables .r; !/, are
given by

Pr D J ¡1.r/!; M P! D [!]M! C ¿ (5)

The dynamicsalsocanbe expressedin Lagrangianform.10 This form
can be derived either by starting with the rotational kinetic energy
expressed in r and Pr and following the procedure of Lagrangian
dynamics or by the following simpler approach.10 Differentiating
J .r/Pr D ! with respect to time, premultiplying the resulting equa-
tion by J T .r/M , and using the property [w]v D ¡[v]w, we obtain
the second-order form of the attitude dynamics

H .r/Rr C C.r; Pr/Pr D u (6)

where H .r/ D J T M J , u D J T ¿ , C.r; Pr/ D J T M PJ C J T [M J Pr]J
and

PJ D ¡ rT Pr
krk4

.2 coskrk C krk sinkrk ¡ 2/[r]

C
krk ¡ sinkrk

krk3
.[Pr][r] C [r][Pr]/

C rT Pr
krk5

.3 sinkrk ¡ krk coskrk ¡ 2krk/[r]2 (7)
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To complete the description of the state .r; Pr/ evolution on B £
RR3 , we specify instantaneous jump conditions that apply when the
rigid body either begins with a con� guration on the surface of the
¼ -ball B or reaches it with an angular velocity that has a positive
component along the radial direction r. The jump conditions, using
superscripts minus and plus to refer to values before and after the
jump, are given by

rC.t/ D ¡r¡.t/; PrC.t/ D Pr¡.t/ (8)

and are applied when krk D ¼ and PrT r > 0 with no time elapsing
during the jump. For example, the jump conditionsdictate that a tra-
jectory r.t/ that reaches the surface of B with a transverse intersec-
tion will jump to the diametrically opposed point and proceed back
into the ball from that side. In short, the state evolutionis determined
by the rule: If krk D ¼ and PrT r > 0, then apply the jump conditions,
Eq. (8); otherwise, apply the differential equations, Eq. (6). Note
that PrT r will not be positive after the jump conditions are applied
because PrCT

rC D ¡ Pr¡T
r¡ . The subsequent state evolution after the

application of the jump conditions therefore is always dictated by
the differentialequations;the jump conditionswill never causechat-
tering between two diametrically opposed points on the surface of
B. Note also that because the Jacobian J .r/ is nonsingular even on
the surface of the ¼ -ball B , the kinematic equation Pr D J ¡1.r/! is
well de� ned everywhere on B including its surface.

Global Stabilization Problem
The attitudestabilizationproblemconsideredhere is to determine

a feedbackcontrol law that renders a desired constant inertial point-
ing directiona globallyasymptoticallystable equilibriumpoint. We
assume that the inertial frame referred to in de� ning the rotation
matrix R is such that when the body frame is in alignment with
the inertial frame, as indicated by R D I , the desired pointingdirec-
tion is achieved. Thus, the stabilization problem is to determine a
feedback control law that renders the point .R; !/ D .I ; 0/ a glob-
ally asymptotically stable equilibrium. In terms of the exponential
coordinates, the equilibrium point is given by .r; Pr/ D .0; 0/.

BhatiaandSzegö24 haveshown that,for ann-dimensionaldynam-
ical system with a continuous(or smoother) control law, the domain
of attraction of an asymptotically stable equilibrium point is glob-
ally homeomorphic to RRn . Because the state space SO.3/ £ RR3 is
not globally homeomorphic to RR6, it follows that topological re-
strictions preclude global asymptotic stabilization by continuous
feedback. Koditschek4 has shown that the system, Eqs. (5) or (6),
under any continuous feedback law that asymptotically stabilizes
the equilibrium point of interest has a minimum of three other spu-
rious equilibria. There exist continuous control laws such that this
minimum of three spurious equilibria is achieved, and such that the
spurious equilibriaare unstable. Thus continuouscontrol laws exist
that drive all initial states, except for a set of measure zero, to the
desired rest equilibrium attitude.

A useful example for understanding these results is stabiliza-
tion on SO.2/, the space of planar rotations. The points of SO.2/
can be identi� ed with the points on a unit circle, i.e., S1 . We use
µ 2 [¡¼; ¼ ] as the con� guration coordinate; µ D ¼ and ¡¼ cor-
respond to the same point. Hence, µ fails as a global coordinate
for SO.2/, similar to how r fails for SO.3/. For the simple � rst-
order system Pµ D u, the control law u D ¡sin µ is continuous with
an asymptotically stable equilibrium at µ D 0 and an unstable equi-
librium at µ D ¼ (and ¡¼ ). The domain of attraction for µ D 0 is
the whole circle except the unstable equilibriumpoint. Any contin-
uous control law will have at least one such spurious equilibrium
point. On the other hand, there exist discontinuous control laws
that globally stabilize the point µ D 0. An example is u D ¡µ . The
discontinuity is at the point µ D ¼ (and ¡¼ ).

Consider the stabilization of a second-order system Rµ D u on
SO.2/ by the PD law u D ¡kpµ ¡ kd

Pµ with positive constant gains.
The jump conditions required to complete the description of the
state evolution are given by µ C D ¡µ¡ and PµC D Pµ¡ and are applied
when jµ j D ¼ and µ Pµ > 0. Global stability can be proved using the
Lyapunov function

V D 1
2

Pµ 2 C ° µ Pµ C 1
2
.kp C ° kd /µ 2 (9)

The derivative of V along a trajectory of the closed-loop system is

PV D .¡kd C ° / Pµ 2 ¡ ° kpµ 2 (10)

except at a jump. Note that, with ° D 0, PV is independent of µ and
one must appeal to LaSalle’s invarianceprinciple to show stability.
The cross term5 avoids this and also allows an exponential bound
on the stabilizationrate. By choosing ° positive but less than kd , V
can be made positive de� nite and PV can be made negative de� nite
everywhere on [¡¼; ¼ ]£ RR. (The negativede� niteness of PV also is
required for V to serve as a controlLyapunov function, as discussed
later.) From the jump conditions, it follows that V C < V ¡, where
V C D V .µC; PµC/ and V ¡ D V .µ¡; Pµ¡/. Thus V decreases along all
trajectoriesof the closed-loopsystem, and we can conclude that the
point .µ; Pµ/ D .0; 0/ is globally asymptotically stable.

Consider instead the representationof SO.2/ by the coordinates
.x; y/ 2 RR2 subject to the constraint

p
.x2 C y2/ D 1. If the possible

valuesfor .x; y/ aregeneratedby .x; y/ D .cos.µ=2/; sin.µ=2// with
µ ranging from ¡2¼ to 2¼ , the .x; y/ coordinates for SO.2/ are
analogous to the quaternion coordinates for SO.3/. The map from
.x; y/ to SO.2/ is two to one. Applying the proportional feedback
u D ¡kp y D ¡kp sin.µ=2/ to the � rst-order system Pµ D u with µ 2
[¡2¼; 2¼ ], we see that there are equilibriaat .1; 0/ and .¡1; 0/ and
that u is continuous. The equilibrium .1; 0/ is stable, whereas the
equilibrium .¡1; 0/ is unstable. Both .1; 0/ and .¡1; 0/ represent
the same point in SO.2/. For an initial condition very near .¡1; 0/,
the controllawwill take thecon� gurationthroughanalmost360-deg
rotation to reach .1; 0/. To avoid this, one has to either � ip the
sign on the feedback so that .¡1; 0/ is the asymptotically stable
equilibrium or choose the physically equivalent initial condition
with the opposite sign. For example, if the value of .x; y/ is always
chosen such that x > 0, then the resulting control law on SO.2/ is
discontinuous. A discontinuity also would be introduced if a rule
for changing the sign of the gain were used. Thus the continuous
control law with two equilibria in the .x; y/ space is mapped to a
globally asymptotically stable, but discontinuous, control law on
SO.2/.

The situation analogous to the one described in the preceding
paragraph arises with quaternions. Wen and Kreutz-Delgado5 de-
velopa continuouscontrollaw on S3£RR3, where S3 [or equivalently
SU.2/] is the space corresponding to quaternions, that yields two
equilibria: one asymptoticallystable, the other an unstable repellor.
When mapped onto SO.3/ £RR3 , using appropriatelogic for choos-
ing eigher the sign of the quaternion or the sign of the proportional
feedback gain, the resulting control law is globally asymptotically
stable and discontinuous.

Using exponential coordinates, we formulate feedback laws on
B £ RR3 . The mapping between B and SO.3/ is one to one in the
interior of B but requires an arbitrary choice between two repre-
sentations on the boundary @ B, where the attitude is 180 deg away
from the desired attitude about some axis. However, the two rep-
resentations lead to the same control action and the same physical
trajectory, in contrast to the situation for the quaternion-basedcon-
trol laws. The feedbackcontrollaws in exponentialcoordinateshave
discontinuitiescorrespondingto the jumps in r. The Lyapunov func-
tion approach is used later to prove the global asymptotic stability
of the discontinuouscontrol laws. The Lyapunov functions that we
use are discontinuous.Similar to the SO.2/ example, we show that
the Lyapunov functiondecreasesalongall trajectoriesof the closed-
loop system, including across jumps.

Attitude Error De� nition
The con� guration space of planar rotations, SO.2/, is a one-

dimensionalcompact manifold without boundary.From a given ini-
tial position, there are two paths back to the desiredposition, a situ-
ation quite different from the case in which the con� guration space
is the one-dimensionalreal line. The shortest path can be de� ned as
the minimum-angle path and is determined easily. To develop feed-
back laws on the SO.3/ con� guration space, it is desirable to know
the shortest path between two attitudes. Which path is the shortest
depends on how path lengths are measured, i.e., on the de� nition of
a metric on SO.3/.
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A Riemannian metric for SO.3/ is established by a smooth as-
signmentof an innerproductto thetangentspaceateachpoint.Using
the metric de� ned by h PR; PRiR

1
2 tr[!]T [!] D !T !, the length of

a differentiablecurve R.t/, 0 · t · t f , on SO.3/ is given by

L D
t f

0

h PR.t/; PR.t/i
1
2
R.t/ dt D

t f

0

.!T !/
1
2 dt

Between any two points on SO.3/, the shortest path is the path
connecting the two points that minimizes L. It is often easier to
write the Euler–Lagrange equations for the functional

E D
1

0

h PR.s/; PR.s/iR.s/ ds D
1

0

!T ! ds

For any two points in SO.3/, i.e., for any two attitudes, it can be
shown that the shortestpath connectingthemalso minimizes E . The
path minimizing E is called the minimal geodesic,and its parameter
s will be af� nely related to arclength.25

The geodesics for the above metric are described easily using
the exponential coordinates. The minimal geodesic from point I to
point R1 D expf[r1]g on SO.3/ is given by R.s/ D expf[r1]sg for
0 · s · 1. This is an eigenaxis rotation: Á D kr1k is the eigenaxis
rotation angle and r1=kr1k is the unit vector in the direction of the
eigenaxis expressed in body-axis coordinates. From the viewpoint
of r representingpoints in a ball of radius¼ in RR3, segmentsof radial
lines emanating from the origin in the ball map into (using the ex-
ponential map) the geodesics emanating from the identity element
of SO.3/. We note that the geodesic from an arbitraryattitude R0 to
an arbitrary attitude R2 is the left translation by R0 of the geodesic
from I to RT

0 R2 , i.e., the geodesic is given by R.s/ D R0 expf[r]sg,
where [r] D log.RT

0 R2/ and R.1/ D R2 . This result is needed to for-
mulate the tracking problem and it follows from the left invariance
of the metric.25 Thus the exponential coordinates provide all of the
important information regarding the minimal geodesics for the par-
ticular metric that we have de� ned. Other metrics could be used
but the corresponding minimal geodesics generally will be more
complicated to determine with little apparent bene� t.

Consider � rst the stabilizationof a mechanical system with con-
� guration space RRn . A � rst-order system of the simple form Px D u
is stabilizedat the origin by proportionalerror feedbackof the form
u D ¡K px with positive-de�nite gain matrix K p . A second-order
system of the simple form Rx D u is stabilized by PD error feed-
back of the form u D ¡K px ¡ Kd Px with both gain matrices positive
de� nite. The proportional feedback term is constructed from the
position error e D x ¡ 0, which is just x because we are stabilizing
the origin. The interpretation of x that seems most appropriate in
generalizingproportionalcontrol to SO.3/ is that x is the vector that
is tangent to the minimum geodesic path from the current con� gu-
ration to the desired con� guration and whose magnitude is equal to
the lengthof this path.26 For the con� gurationspace SO.3/, the cor-
responding tangent vector would have direction along the minimal
geodesic connecting the current attitude R to the desired attitude I
and magnitude equal to the length of this minimal-error geodesic
path.

In the following sections, we design several stabilizing con-
trol laws. In doing so, we use r to represent the attitude error.
For a second-order system on SO.3/, our PD law has the form
u D ¡K pr ¡ Kd Pr. The vector r is tangent to the geodesic leading
to the desired orientation on SO.3/, and its magnitude is equal to
the length of this path. Thus, the feedback term K pr is the natu-
ral generalization to SO.3/ of proportional feedback on RRn . Given
that r D Á Oe and that the unit quaternion q D .cos.Á=2/; sin.Á=2/Oe/,
the proportional feedback term K p sin.Á=2/Oe, using the vector part
of the quaternion, is similar and has been used in other studies.5;9

To develop a cost function for optimal attitude maneuvers, Schaub
et al.27 address the issue of attitude error formulation and resolve it
by a different but related approach.

PD Control of Almost FBL System
FBL hasbeenused to derivegloballystabilizingcontrol laws with

regard to the � rst-order form of Eq. (5). The angular velocity equa-

tions can be linearized by a control transformation.5;6;9 The com-
binedangular velocity and kinematic equationscan be linearizedby
state and control transformations; results are available for attitude
representationsin Euler angles,28 thevectorpartof thequaternion,6;8

and exponentialcoordinates.19 Strictlyspeaking,4 the combinedsys-
tem cannot be globally feedback linearized, because global coordi-
nates do not exist.

The FBL of the second-order form, Eq. (6), requires only the
control transformation

u D H .r/º C C.r; Pr/Pr (11)

In terms of the new controlvariableº, the dynamics take the formof
three scalar, decoupled, double integrator systems. In vector form,
we have Rr D º. The jump conditions, Eq. (8), are required to com-
plete the description of the state evolution. A control law of the
form º D ¡K pr ¡ Kd Pr with K p and Kd positive-de�nite matrices,
globally asymptoticallystabilizes the state .r; Pr/ D .0; 0/. Applying
the transformation equation (11), we obtain the control law

uFBL D ¡H .r/K pr ¡ H .r/Kd Pr C C.r; Pr/Pr (12)

Global stability is proved using the Lyapunov function

VF D 1
2
PrT Pr C 1

2
rT .K p C ° Kd/r C ° PrT r (13)

where 0 < ° < minf
p

[¸min.K p/]; ¸min.Kd/g. It can be shown that
on B £ RR3, VF is positive de� nite and, excluding jump points, PVF

is negative de� nite along all trajectories of the closed-loop system.
From the jump conditions, Eq. (8), it follows that V C

F < V ¡
F across

any jump between diametrically opposed points on the surface of
the ¼ ball.Therefore,VF is strictlydecreasingalongevery trajectory
of the closed-loop system, and we conclude that the origin of the
closed-loop system is globally asymptotically stable.

PD Control of the Nonlinear System
The PD control law is

uPD D ¡K pr ¡ Kd Pr (14)

with K p and Kd symmetric,positive-de�nite gain matrices.To prove
that this control law globally asymptotically stabilizes the system
equation (6), we use the Lyapunov function with a cross term5

VE D 1
2
PrT H .r/Pr C 1

2 rT .K p C cKd/r C crT H .r/Pr (15)

with 0 < c < minf
p

¹; ºg, where ¹ D infr 2 B ¸min.H ¡1.r/K p/ and

º D ¸min.Kd /

[supr 2 B ¸max.H .r//] C k¼

where k is de� ned below. It can be shown that VE is positivede� nite
for the above choice of c by rewriting it as

VE D 1

2
.rT PrT /Pc

³
r
Pr

´
where Pc D

³
K p C cKd cH .r/

cH .r/ H .r/

´

(16)

and using the Schur complement formula along with the fact that
H .r/ is symmetric and positive de� nite. The time derivative of VE

alonga solutionof the system equation(6) under the PD control law
is

PVE D ¡PrT Kd Pr C cPrT H .r/Pr ¡ crT K pr C crT . PH .r/ ¡ C .r; Pr//Pr

Using PH .r/ ¡ C.r; Pr/ D C.r; Pr/T , we get

PVE D ¡PrT Kd Pr C cPrT H .r/Pr ¡ crT K pr C cPrT C .r; Pr/r ¡¾E

Each of the above terms can be bounded as shown: ¡PrT Kd Pr ·
¡¸min.Kd/kPrk2, PrT H .r/Pr · [supr 2 B ¸max.H .r//]kPrk2 , ¡rT K pr·
¡¸min.K p/krk2 · ¡¸min.K p/¼ 2 , and PrT C.r; Pr/r · kC .r; Pr/kkrk
kPrk. Note that the Coriolis term C.r; Pr/ can be bounded29 by
kC.r; Pr/k · kkPrk. This can be justi� ed using the expressions in
Eq. (7). Hence, kC.r; Pr/kkrkPrk · k¼kPrk2 . Therefore,

PVE · ¡
³

¸min.Kd / ¡ c

³
sup
r 2 B

¸max.H .r// C k¼

´´
kPrk2
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This shows that PVE is negative de� nite for the above choice of c.
From the jump conditions,Eq. (8), it follows that V C

E < V ¡
E across

every jump between diametricallyopposed points on the surface of
the ¼ ball.Therefore,VE is strictlydecreasingalongevery trajectory
of the closed-loop system and we conclude that the origin of the
closed-loop system is globally asymptotically stable.

PD control laws and correspondingstabilityproofshave appeared
in several papers.5;9;11;30 We treat the PD law here for comparison
to the new control laws developed in the next two sections. There
are also some novel aspects to our stability proof. We note that
some5;30 of the proofs require that the proportionalgain be a scalar.
The proportionalgain is a matrix gain of a special form in the result
of Wie et al.9 The formulation and theory developed by Slotine
and Di Benedetto10 does not guarantee global asymptotic stability
but rather asymptotic stability within the domain of validity of the
Cayley–Rodriguez coordinates. Egeland and Godhavn11 prove the
global stability of a PD law on S3 £ RR3 with arbitrary positive-
de� nite matrix gains using passivity.

Whereas the Lyapunov function VF contains the term 1
2
PrT Pr, the

Lyapunov function VE contains the kinetic energy T D 1
2
PrT H Pr.

The derivative of T along a trajectory of the system in Eq. (6) is
PT D 1

2
PrT [ PH ¡ 2C.r; Pr/]Pr C PrT u. It can be seen from the Eqs. (7)

that PH .r/ D C.r; Pr/ C C.r; Pr/T . Consequently, the matrix PH ¡ 2C
is skewsymmetric,and hence the � rst term in PT is zero.When u D 0,
the kinetic energy is constant. In contrast, using the FBL law of the
form in Eq. (11), we have PT D 1

2
PrT PH Pr when v D 0. Because PH gen-

erally is not negative semide� nite, canceling the nonlinearity—the
gyroscopic torque—can increase T . In the context of a particular
Lyapunov function, the stabilization task is to determine a feedback
control law such that PV < 0 for the closed-loopsystem. This shows
that, for a Lyapunov function V that includes the kinetic energy,
the gyroscopic torque C.r; Pr/Pr has no effect on PV . In this regard, a
control law that includes a term to cancel the gyroscopic torque is
using control effort that does not contribute to stabilization. (This
point has been made in the robotics context.31 )

A control law related to Eq. (14) has been developed by
Koditschek4 from the geometric perspective. He de� nes a naviga-
tion function that gives rise to a gradient vector � eld on SO.3/.
He then lifts this vector � eld to a vector � eld on the state space
SO.3/ £ RR3, thereby de� ning a feedback law. The feedback law is
continuousand yields almost-global stability, meaning that there is
only a set of points in the state space of measure zero that are not
attracted to the desired rest state.Bullo and Murray26 have extended
some of Koditschek’s results to a more general setting.

Inverse Optimal Stabilizing Control Laws
PD control laws with and without feedback linearization, while

globally asymptotically stabilizing, may have unsatisfactory per-
formance for large initial offsets in attitude and/or angular velocity
for the reasons given in the Introduction. We are naturally led to
consider control laws that minimize a suitable cost function.The at-
titudecontrol literatureaboundswith numericalsolutionsto optimal
control problems, predominately minimum-time- and minimum-
control-effort problems.12 It may not be feasible, or at least not
desirable, however, to store or compute optimal solutions for an
operational attitude control system.

Eigenaxis maneuvers have been used for a number of operational
systems, including those of the Apollo and Shuttle vehicles. The
eigenaxis is the optimal rotation axis for the minimum-time- and
minimum-control-effortrest-to-restmaneuversin the specialcaseof
a sphericallysymmetric inertiaanda sphericallysymmetric torquing
capability, i.e., k¿k · ¿max (in the absence of additional torques as
we are assuming). In the spherically symmetric inertia case, the
gyroscopic torque is zero. With K p D kp H .r/ and Kd D kd H .r/,
where kp and kd are positive scalars, and starting from rest, the atti-
tude motion under the PD law, Eq. (14), is about the eigenaxis.Wie
et al.9 have achieved this same effect by constructing the propor-
tional feedback term from the vector part of the unit quaternion.

It has been shown32 that with upper and lower bounds on each of
three orthogonal torque generators, constraining the control-torque
vector to lie in a box, the minimum-time maneuver generally is not
an eigenaxis rotation, even with a spherically symmetric inertia. A

reasonable conjecture is that, in the absence of either spherically
symmetric inertia or spherically symmetric torquing capability, or
in motion-to-restmaneuvers, the eigenaxis rotation generally is not
the minimum-time- or minimum-control-effort maneuver. Eigen-
axis rotations, of course, may be near optimal in certain cases and
serve as good reference maneuvers.

In this section, we take some initial steps in applying the inverse
optimality method to obtain globally stabilizing control with good
performance. Using the inverse optimality method, we derive con-
trol laws that minimize a cost function that includes penalties on
state error and control effort. The attitude error is de� ned as the
angular distanceabout the eigenaxis.Because the cost functionalso
includespenaltieson angularvelocityand controleffort, the optimal
maneuvers generally are not eigenaxis rotations.

The starting point for the inverse optimality method is the con-
trol Lyapunov function18 (cLf). For a control system of the form
Px D f .x/ C G.x/u, with x 2 RRn and u 2 RRm , V is a cLf if it is a
smooth, positive-de�nite, and radiallyunboundedfunction of x and
if, for x 6D 0, it has the property that at any x where the components
of V 0.x/G.x/ are all zero, V 0.x/f .x/ < 0.

If V is a cLf, then the existence of a control that makes
PV D V 0.x/f C V 0.x/Gu negative, i.e., the existence of a stabiliz-

ing control, is ensured. For a given continuous, positive-de�nite
function¾ , we could compute the control u.x/ that achievesa spec-
i� ed stabilizationrate PV D ¡¾ .x/ whenever V 0G 6D 0. However, for
values of x where V 0.x/f.x/ · ¡¾ .x/, it would be better to set
u.x/ D 0; otherwise, control effort would be used needlessly to re-
duce the stabilization rate. Freeman and Kokotovic18 proposed that
a stabilizingfeedbacklaw u.x/ can be constructedfrom the solution
at each x to the static quadratic programming problem

minimize uT u
(17)

subject to V 0.x/. f .x/ C G.x/u/ · ¡¾.x/

The solution of this problem is

uopt D ¡.¸=2/[V 0.x/G.x/]T (18)

where

¸ D
2.V 0.x/f .x/ C ¾ .x//

V 0.x/G.x/[V 0.x/ G.x/]T
if V 0.x/f .x/ > ¡¾

0 if V 0.x/f.x/ · ¡¾

The control u.x/ D uopt.x/ is the minimum norm control that
achieves the speci� ed stabilization rate or better. It is continuous
except possibly at x D 0, provided that V 0f < ¡¾ whenever all of
the components of V 0G are zero.18

It has been shown18 that the resulting feedbackcontrol minimizes
a cost function of the form

J .x.0/; u/ D
1

0

[Q.x/ C W .x; u/] dt

where the error penalty Q is continuous,positivede� nite, and grows
with themagnitudeofx, and the controlpenaltyW is continuousin x
and u and, for each x, convexin u with minimum valueat u D 0. The
cost function is the nonlinear analog of the quadratic cost function
used in linear quadratic optimal control.

The diagram J .Q; W / ! Vv f ! uopt Ã .VcLf; ¾ / indicates the
forward and inversepaths to the optimal controluopt. For conceptual
simplicity, assume that Vv f .x/ D VcLf.x/; 8x 2 RRn , although this is
not the most general case.33 The forward path begins with speci-
fying the cost functional via Q and W . Then, the HJB equation is
solved to obtain the value function Vv f . From Vv f the optimal con-
trol is obtained. (Alternatively,uopt could be constructed by obtain-
ing individual optimal trajectories for a range of initial conditions.)
The inverse path begins with the speci� cation of the pair .VcLf ; ¾ /.
The optimal control is computed pointwise by solving the static
optimization problem. Solving the static optimization problem is
much simpler than solving the HJB equation; however, specifying
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.VcLf ; ¾ / is generally more dif� cult than specifying .Q; W /. Al-
though we are not addressing robustness, we note that there is a
version of the inverse optimality method that ensures robustness to
a class of disturbance inputs.18

Our applicationof the inverseoptimalitymethodto globalattitude
stabilization requires a modi� cation of the cLf de� nition. We say a
Lyapunov function V .r; Pr/ is a cLf if it is a smooth, positive-de�nite
function of .r; Pr/ 2 .B ¡ @ B/ £ RR3, is strictly increasing radially
in B for all Pr, and is radially unbounded in Pr for all r 2 B, and if it
has the property that at any .r; Pr/ 6D .0; 0/, where the components
of .@V =@ Pr/H ¡1 are all zero, .@V =@r/Pr ¡ .@V =@ Pr/H ¡1C Pr < 0 and
V C < V ¡ for all possiblejumps. Note that @ B denotestheboundary
of B, i.e., the surfaceof the ¼ ball, and .B ¡@ B/ refers to the interior
of the ball.

Inverse Optimal Control Law for Planar Rotations
To gain a better understanding of the control laws that the in-

verse optimal design procedure yields, we design such a control
law for stabilizing the second-order system Rµ D u on the space of
planar rotations SO.2/. Because we have shown that the Lyapunov
function given by Eq. (9) can be used to prove global stability,
it is also a cLf according to the modi� ed de� nition. To compare
the resulting inverse optimal control with PD control, we take
¾ D .kd ¡ ° / Pµ 2 C ° kpµ 2 , which is consistent with the PV achieved
by a PD control law [see Eq. (10)]. In other words, through the in-
verseoptimal design,we seek a controller that achieves the same (or
better) stabilization rate as the PD control law. The optimal control
law is

uopt D
¡kpµ ¡ kd

Pµ if . Pµ C ° µ/.kpµ C kd
Pµ / > 0

0 if . Pµ C ° µ/.kpµ C kd
Pµ/ · 0

(19)

The optimal control law shows that in certain regions of the state
space .µ; Pµ/ bounded by the pair of straight lines Pµ C ° µ D 0 and
kpµ C kd

Pµ D 0, the control can be turned off and yet achieve the
desired stabilization rate or better. In the complementary regions,
the PD control and the optimal control are identical.Figure 1 shows
the state-space trajectories produced by a PD control law and the
optimal control law, using identical gains. The optimal trajectory
proceeds more directly and quickly to the origin overall and yet re-

Fig. 1 Comparison of PD control and optimal control onSO(2).

quires less control effort because the control is zero for a signi� cant
portion of the trajectory.

In the following two subsections, we show that the Lyapunov
functions in Eqs. (13) and (15) are cLfs in our modi� ed sense and
we use them to design optimal control laws for attitude stabilization
on SO.3/. For the attitude stabilizationproblem as formulated, we
use x D .r; v/, v D Pr, f D .v; ¡H ¡1C/ and G D .0; H ¡1/ in applying
the general result in Eq. (18).

VF as a Control Lyapunov Function
The fact that VF could be used to prove the global stability of

uFBL , Eq. (12), implies that VF is a cLf. The control law uFBL yields
the stabilization rate ¾F . Using the result in Eq. (18), the optimal
control for the pair .VF ; ¾F / is uopt F D ¡¸F H ¡1.Pr C ° r/, where

¸F D

.Pr C ° r/T [K pr C Kd Pr ¡ H ¡1.r/C.r; Pr/Pr]
.Pr C ° r/T [H T .r/H .r/]¡1.Pr C ° r/

if V 0
F f > ¡¾F

0 if V 0
F f · ¡¾F

(20)

By design, uopt F is the minimum norm control that provides the
same stabilization rate PVF D ¡¾F as the control law uFBL or better.

VE as a Control Lyapunov Function
The fact that VE could be used to prove the global stability of

uPD, Eq. (14) implies that VE is a cLf. The control law uPD yields
the stabilization rate ¾E . Using the result in Eq. (18), the optimal
control for the pair .VE ; ¾E / is uopt E D ¡¸E .Pr C cr/, where

¸E D
.Pr C cr/T .K pr C Kd Pr/

.Pr C cr/T .Pr C cr/
if V 0

E f > ¡¾E

0 if V 0
E f · ¡¾E

(21)

The three-dimensional control allows freedom for optimization,
even when the control is nonzero, in contrast with the SO.2/ case.
As a result, uopt E is not in general the same as uPD at states where
uopt E 6D 0. By design, kuopt E k · kuPDk at these points.



936 BHARADWAJ ET AL.

Performance Comparison
The performance differences between the control laws derived

in the preceding sections are illustratedby the following numerical
results. As expected, the difference in performance between the
control law uFBL and the optimal control uopt F is most pronounced
when the gyroscopic torque is large. In that case, canceling the
nondetrimental gyroscopic torque constitutes a substantial part of
the control effort. The performances of the two control laws are
illustrated in Fig. 2 for the following set of initial conditions and
parameters:

Fig. 2a Comparison of kkuFBLkk and kkuopt Fkk vs time.

Fig. 2b Comparison of kkrkk using uFBL and uopt F vs time.

M D

&$15 5 5

5 10 7

5 7 20

’%
kg m2 (22)

r D Á Oe D 2:5 rad (0.4896,0.2032,0.8480)T , ! D (1, ¡1, ¡1 )T rad/s;
gains K p D diag.1:5; 1:5; 1:5/ kg m2/s2 , Kd D diag.2; 2; 2/ kg m2/s,
and ° D 0:5. Figure 2a shows that the optimal controluopt F uses less
control effort than the FBL control uFBL. Figure 2b shows that the
performance of both control laws is similar.
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Fig. 3a Comparison of kkrkk using uPD and uopt E vs time.

Fig. 3b Comparison of kkuPDkk and kkuopt Ekk vs time.

The performance difference between the optimal control uopt E

and the PD control uPD is illustrated in Fig. 3a for the following set
of initialconditionsandparameters16: M D diag.10; 6:3; 8:5/ kgm2,
r D Á Oe D 2:5 rad (0.4896, 0.2032, 0.8480)T , ! D .0:1; ¡0:1; 0:1/T

rad/s; gains K p D diag.2; 2; 2/ kg m2/s2, Kd D diag.1; 1; 1/ kg m2/s,
andc D 0:1. Figure3a shows that the optimalcontroluopt E has much
better performance in terms of the settling time for krk than the PD
control. Figure 3b shows that the control effort used by uopt E is
much less than that of uPD. In fact, uopt E is mostly zero, indicating

that, without any applied control torque, the PV requirement is being
met much of the time.

Figure 4 shows the two trajectories projected onto the state-
space hyperplane f.r; Pr/ : r2 D Pr2 D r3 D Pr3 D 0g. The optimal
trajectory proceeds more directly toward the desired equilibrium.
The torque generated by uPD on the other hand is sometimes
impeding the progress toward the desired equilibrium by reduc-
ing j PV j from the value that would be achieved with zero control
torque.
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Fig. 4 Comparison of trajectories using uPD and uopt E on a slice of the state space.

Conclusions
The topological and geometric features of the global attitude sta-

bilization problem have been discussed. The topology of the state
space dictates that a globally asymptoticallystabilizing control law
must be discontinuous. Exponential coordinates, a minimal set of
almost global coordinates,were used to represent the con� guration
space SO.3/. Jump conditions were speci� ed along with the dif-
ferential equations of motion to achieve a complete description of
the state evolution. An appropriate, attitude error was formulated
and used for control design. Special issues in the Lyapunov stability
proofs due to the topology of SO.3/ were identi� ed and resolved.
The simpler problem of stabilization for a � xed rotation axis, for
which the con� guration space is SO.2/, also was considered to
provide insight.

Two new globally stabilizingattitude control laws have been de-
rived using the inverse optimality method. These feedback control
laws are optimal with respect to cost functions that penalize state
errors and control effort, and yet they were obtained without solv-
ing the correspondingHJB equations.Simulation results illustrated
the performanceadvantagesof these optimal stabilizationlaws over
other globally stabilizing feedback laws that have appeared in the
literature.
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